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A Family of Quasiprimitive 2-arc Transitive Graphs which Have
Non-quasiprimitive Full Automorphism Groups
CAI HENG LI
For each prime p  1 or −1.mod 24/, we construct a .PSL.2; p/; 2/-arc transitive graph 0 of
valency 4 such that Aut 0 D PSL.2; p/Z 2. Thus there exists an infinite family of quasiprimitive
2-arc transitive graphs which have non-quasiprimitive full automorphism groups.
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Let 0 D .V0; E0/ be a finite connected graph with vertex set V0 and edge set E0. For
a positive integer s, an s-arc of 0 is an .s C 1/-tuple .v0; v1; : : : ; vs/ of vertices such that
.vi−1; viC1/ 2 E0 for 1  i  s and vi−1 6D viC1 for 1  i  s − 1. The graph 0 is said
to be .G; s/-arc transitive if G  Aut0 and G is transitive on V0 and on the set of s-arcs
of 0. For an intransitive normal subgroup N of G, the quotient graph 0N induced by N
is defined as the graph with vertices the N -orbits on V0 such that two N -orbits 11 and
12 are adjacent in 0N if some vertex of 11 is adjacent in 0 to some vertex of 12. It is
shown in [9, Theorem 4.1] that if 0 is a non-bipartite .G; 2/-arc transitive graph then 0N
is a .G=N ; 2/-arc transitive graph. Thus 0 is a cover of 0N . If N is a maximal intransitive
normal subgroup of G, then every non-trivial normal subgroup of G=N is transitive on
V0N .
Let G be a transitive permutation group on . If there exists no non-trivial G-invariant
partition of , then G is said to be primitive on ; if every non-trivial normal subgroup
of G is transitive on  then G is said to be quasiprimitive. Thus a primitive group is
quasiprimitive, but the converse is not necessarily true, see [10]. Praeger [9] obtained a
version of the O’Nan–Scott theorem for quasiprimitive groups, which divides quasiprimitive
groups into eight classes, and then she proved that only four of them can act 2-arc transitively
on a graph. This suggests a reasonable program to describe non-bipartite 2-arc transitive
graphs by two steps:
(i) describing graphs admitting a quasiprimitive 2-arc transitive group of automorphisms,
(ii) characterizing 2-arc transitive covers of examples from (i).
There has been some work related to this program, see for example [1, 3, 6, 7]. To
determine isomorphism classes of quasiprimitive 2-arc transitive graphs, it is necessary to
determine the full automorphism group of a quasiprimitive 2-arc transitive graph. However,
this is a very difficult problem. In this note we investigate a question relevant to this
problem. For a .G; 2/-arc transitive graph 0, G  Aut0  Sym.V0/, where Sym.V0/
is the symmetric group on V0. If G is primitive then Aut0 must be primitive. Thus a
natural question arises (refer to Baddeley [1, Section 6] or Praeger [11, Section 7]): if G is
quasiprimitive on V0, is Aut0 quasiprimitive? Baddeley [1, Section 6] constructed a single
counterexample which is a graph with a group of twisted-wreath-action type (in terms of [9])
such that there exists a non-quasiprimitive group H satisfying G < H  Aut0. In this paper
we give the first infinite family of counterexamples such that Aut0 is not quasiprimitive.
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For a group G and a core-free subgroup H of G, if there exists an element g 2 G such that
g2 2 H and G D hH; gi, then we have a connected G-arc transitive graph 0 VD 0.G; H; g/
with V0 D fH x j x 2 Gg and E0 D ffH x; H yg j xy−1 2 HgHg. Denote by TH V H\H gU
the set of cosets of H \ H g in H . Then 0 is .G; 2/-arc transitive iff H acts 2-transitively
on TH V H \ H gU (see for example [3, Theorem 2.1]).
The result of this paper is the following theorem.
THEOREM. Let p be a prime such that p  1 or −1 .mod 24/. Let G D PSL.2; p/.
Then there exists a .G; 2/-arc transitive graph 0 of valency 4 such that G is quasiprimitive
on V0 while Aut0 D G  Z2 and in particular Aut0 is not quasiprimitive on V0.
PROOF. Since p  " D 1 (mod 24), p  23. Then by [12, p. 417], each maximal
subgroup of G is isomorphic to one of the following:
S4, A5, Dp−1, DpC1, ZpjZ p−1
2
: ./
Note that jGj D p.p C 1/.p − 1/=2, and .p − 1; p C 1/ D 2. It follows that a Sylow 3-
subgroup G3 of G is conjugate to a subgroup of Dp−". Thus G3 is cyclic and all subgroups
of G of order 3 are conjugate. Let M be a subgroup of G isomorphic to S4, and let H be
a subgroup of M isomorphic to A4.
We shall construct a class of .G; 2/-arc transitive graphs of valency 4 with H the stabilizer
of a point. (Recently, the author became aware that this class of graphs has been constructed
in [6]. However, for the sake of completeness and in need for notation in the ensuing, we
present a construction here.) By the discussion before the theorem it is sufficient to find an
element g 2 G such that hH; gi D G, g2 2 H , jTH V H \ H gUj D 4 and H is 2-transitive
on TH V H \ H gU.
Now M and H may be written as M D .NjL/jhbi and H D NjL , where N D Z22,
L D Z3 and hbi D Z2 such that hL ; bi D S3. Consider NG.L/. By our observation above,
NG.L/ D Dp−". Consequently, NG.L/ can be written as NG.L/ D .L 0 hci/jhbi for some
c 2 G, where L  L 0, L 0 is a Sylow 3-subgroup of G, and jL 0jo.c/ D .p − "/=2. Let g be
the involution of hci. Then g centralizes both L 0 and b.
Suppose that hH; gi < G. Then there exists a maximal subgroup M0 of G containing
hH; gi. Since g =2 H , hH; gi > H D A4. It follows from the list ./ that M0 D S4 or A5.
However, since CM0.L/  ChH;gi.L/  L  hgi D Z6, we have that M0 6D S4;A5, which
is a contradiction. Therefore, hH; gi D G.
Suppose that N0 VD N \ N g 6D 1. Since g2 D 1, N g0 D N g \ N g
2 D N0. So g nor-
malizes hL ; b; N0i. Since L is transitive on the non-identity elements of N by conjugation,
hL ; b; N0i D M , and hence g normalizes M , which is a contradiction since hM; gi D G is
simple. Therefore, N \ N g D 1 and so H \ H g D L . It follows that jTH V H \ H gUj D 4
and H is 2-transitive on TH V H \ H gU.
Let 0 D 0.G; H; g/. Since g2 D 1, g2 2 H . Thus 0 is a connected .G; 2/-arc transitive
graph (by the discussion before the theorem) and G is quasiprimitive on V0 (since G is
simple).
Set F VD G  h i where h i D Z2. Let K D .NjL/jhb i. Then K D S4 and
hK ; gi D hH; b; gi D hG; b i D F . Since g centralizes both b and  , g centralizes b ,
and further, since g centralizes L , g normalizes hL ; b i. Since N \ N g D 1, K \ K g D
hL ; b i D S3. It follows that jTK V K \ K gUj D 4 and K is 2-transitive on TK V K \ K gU.
Thus 6 VD 0.F; K ; g/ is a connected .F; 2/-arc transitive graph.
Let v be the vertex of 6 corresponding to K . Since G < F and Gv D Fv\G D K \G D
NjL D H , it follows that 6 D 0. Since h i¢ F , F is not quasiprimitive on V0.
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Finally, we prove that Aut0 D F D G  h i so that Aut0 is not quasiprimitive on
V0. Let A D Aut0. Then F  A and A is a transitive permutation group on V0. Since
0 is of valency 4, every prime divisor is not greater than 4 so that Av is a f2; 3g-group
(see [8, Lemma 2.1]). Suppose that A is quasiprimitive on V0. By [9, Theorem 1.1],
B VD soc.A/ D T1      Tk where k  1 and T1 D    D Tk is simple. Since B £ A, we
have G \ B £ G. Since A is quasiprimitive on V0, B is transitive on V0 and CA.B/  B.
Therefore, G  B. Further, since T1£B, G\T1£G, and so either G\T1 D 1 or G\T1 D G.
Since Av is a f2; 3g-group, Bv is a f2; 3g-group. If G \ T1 D 1 then jhG; T1ij D jGjjT1j
dividing jAj, which is a contradiction since jAj=jGj D 2r 3s for some r; s  0. It follows
that k D 1 and G  B D T1. Suppose that B > G. Now jB V Gj D jBv V Gvj D jBvj=24,
and it follows from [4, Theorem 3.9] and [5, Theorem] that jBvj divides 2532 or 2436.
Hence jB V Gj divides 223 or 2:35, that is, B has a subgroup G of index dividing m where
m D 223 or 2:35. Let Q be a maximal subgroup of B which contains G. Then jB V Qj
divides m and B has a primitive permutation representation on TB V QU with Q the stabilizer
of a point. Note that m  486, p  23 and Q contains G (D PSL.2; p/). Checking [2,
Appendix B], there exists no such group B, which is a contradiction. Thus B D G, and
so A D PSL.2; p/ or PGL.2; p/, which is not possible since  2 A and  centralizes G.
Therefore, A is not quasiprimitive on V0.
Let R be a maximal normal subgroup of A which is intransitive on V0. Let 0R be the
quotient graph of 0 induced by R (see [9, p. 233]). Then A VD A=R induces a quasiprimitive
permutation group on V0R , and A  Aut0R . As G is a simple group, 0 is non-bipartite.
Therefore, 0R is of valency 4 and G=R is quasiprimitive, see [9, Theorem 4.1]. Since
G is simple, G D G D G R=R  A. Arguing as in the previous paragraph (replacing
.G; A/ by .G; A/), we can obtain that G D soc.A/ and so A D PSL.2; p/ or PGL.2; p/.
Suppose that A > G. Then A D PGL.2; p/. Since 0R is of valency 4, both Gv and Av are
f2; 3g-groups, where v is a vertex of 0R . Since Gv D H D A4 and R 6D 1, it follows from
the list ./ that Gv D S4. Now Av > Gv D S4. However, it is known (see [12, pp. 416–
418]) that PGL.2; p/ does not have a subgroup that is a f2; 3g-group and contains a proper
subgroup isomorphic to S4, which is a contradiction. Therefore, A D G D PSL.2; p/.
Since 0 is .A; 2/-arc transitive, by [9, Theorem 4.1], R is semiregular on V0 so that
jRj D jV0j=jV0R j D jGvj=jGvj D 2. Consequently, R D h i D Z2 and A D G  h i. 2
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